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ABSTRACT. Based on some interesting forms of the Stekkel potential, a problem is posed to investigate orbits
with zero kinetic moment with respect to the symmetry axis of the stationary, rotationally symmetric stellar system.
Special attention is given to the method of constructing such orbits by taking into account the isolating motion
integrals typical only of the well-known Kuzmin’s plane model. © 2070 Bull. Georg. Natl. Acad. Sci.
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1. Some general aspects of meridional motion. In
the field of a gravitational potential of the stellar sys-
tem, one of interesting classes of plane orbits consists
of orbits lying in an arbitrary plane (€ = const) contain-
ing the symmetry axis R = 0 of the system itself. Here it
is assumed that @ is the azimuthal angle in the system of
cylindrical coordinates (R, 6,z). As different from another
class of orbits lying in the symmetric plane (z = 0) of the
system, we can call these orbits meridional plane orbits.
As is known from the theory of the third quadratic inte-
gral of motion [1], the Shtekkel potential in the system
of elliptic coordinates ¢, and ¢, has the form

&= (9(?2]:(;(52) ()

where & e[l,>o[ and &, €[-1,1] are respectively re-
lated to the variables R and z by the following transfor-
mation formulas

R:Zn\’(fflz_l)(]_fz:)s Z:Zﬂgl‘fl- @)

It is convenient to introduce one variable

&e[~1,o9 that formally combines the variables ¢, and
¢, which look like a continuation of each other. It should
also be noted that ¢(&) is an arbitrary function of its
argument. For the potential form (1) there exist the iso-
lating motion integrals: energy integral £, kinematic mo-
ment integral with respect to the symmetry axis K, and
third quadratic integral / with respect to velocity com-
ponents. Here we will consider the case K =0, i.e. orbits
with zero kinetic moment.

Differential equations of meridional plane motion can
be written as [2]

dg, __ds, &lds, _&dg, _ dr
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The parameter z,, defines the position of foci of the
elliptic coordinates on the symmetry axis, at which
¢, =1, & ==+land R =0, z =4z, The function has the
form

WS =2[ES +2¢(S)-11(S-1). Q)

where E < 0 for finite orbits, and / = 0.
We obviously have
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This condition defines the boundaries of the do-
main filled up with an open meridional orbit. By analogy
with the quite useful Lindblad diagram from the theory
of orbitslying in the symmetry plane of the axially sym-
metric system (z= 0) or of orbitsin spherical systems,
we can introduce here the characteristic diagram (1,-E)
on which we have the family of characteristic straight
lines

EC+2¢(¢)-1=0. ©

Parametric equations of the envelope of this family
have the form

EE%+29(8)=1 @
@ _ ¢ [
3

In the case of Kuzmin's plane model we have
GM
o(&)=—1¢| ®
z,

and equation (6) takes the form

B2+ 28M #1120
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After excluding |&| from equation (7), we obtain a
simple enough relation

I(~E)= (%jz, (10)

where G isthe gravitational constant and M is the total
mass of Kuzmin's plane model.

It is obvious that the domain of admissible motions
on thediagram (1, -E) whally liesin thefirst quadrant of
the diagram which is bounded from above by a branch
of the equilateral hyperbola and from the | eft by the axis
[=0.

2. Themethod of constructing meridional orbitsin
the potential field of Kuzmin’splane model. Thepoten-
tial of Kuzmin’s plane model can bewritten as

a(R7)=, an

-

s=R*+(z|+2)*, (12
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i.e. motion of atest particlein the field of this potential
is such that the total mass M of the model seems to be
concentrated at the most distant focus. When this test
particle passes through the symmetry plane z = 0, the
gravitation centre changes abruptly by jumping from
focus to another one, the particle motion velocity
changes gradually, while the acceleration changes in
jumplike manner for z= 0. Itisobviousthat in this case
the orbit is a set of pieces of various Kepler elipses. In
the meridional domain & = const, parametric eguations
of each dlipse piece have the form

s P _a(l-¢€%)
~1+ecos(Uu-w) 1+cos(u-m)’ (13

|7+2z,= ssinu. (19

Here a, e, w are Kepler dements of the respective
ellipse piece, and the variable u isthe parameter.

In the case of plane meridional orbitsthereexist the
following three motion invariants:

¢, =77t =77pY(1-€), (15)
C,=p-2zesin o, (16)
related to the motion integrals E and | by

GM
E:—?cl, I=GM(c,c). 17
It should be kept in mind that here
GMc, = K?= GMpcos’i =0.

After exduding the parameter u from eguations (13)
and (14), for the considered dllipse piece we obtain the
equation

225(s— p)+Ry423 4 p—(p-c,)* +

+(p-cs)l zl+2)=0. (18)

If the value z, is assumed to be the unit of length,
then for z= 0 we can write the equation

[(pc)?+ 4c,ps* ~4(p+ ¢ )s+4[(cc)p+1] =0. (19)

In the coordinate system (p, ), equation (19) gives
aclosed algebraic curve of fourth order which can con-
ditionally becalled “alink-up oval” becauseit completdy
solves the problem of passage from one ellipse piece to
another. Such a graphic procedure smplifies the con-
struction of the entire orbit with given ¢, and c,. Solv-
ing equation (19) with respect to the unknown swe ob-
tain
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(p-ca)y/(p—cs [ P(cs=c,)+ Tl(p-cs )P+ 4c, p]

s=2
[(p—cs) +4c,p]

(20)

using which we construct, on the plane (p, 9), “alink-up
oval” for each pair of invariant motion values.
For all pairs of values of the invariants ¢, and c,
related by the formula
C3(C3-€1) =125, )

we have periodic orbits with equal periods with respect
toRand zor £, and &,. Hence we find that

c,= 0,5(c, ++/c? +42% ). ()

For c, =0, thelimit curvesin theplane of invariants
(c ,,c,) are defined by the equation

[4z,2—4cp-(p-c)’]p=0, (X
the roots of which are

p=c 22z -ccs-c) p=0. ()

Among them we should choose two largest roots.
We obvioudy have

c(c,-c) <z? or c,d<zc '+c,. (25)

For ¢, > z,, at least one root of the quadratic equa-
tion

477 - 4c p-(p-¢)?=0 (29)

is negative and should be replaced by p = 0. In order
that the other root of equation (26) be non-negative, we
should take ¢, d < 2z, Thus for the limit curves we
respectively obtain

C,=zct+c, p=zictc, ¢ =zed<z, (27)

c,=2z, p=0, c>z, e=1 (28)
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In the general case, wherec, = 0, thelimit surfaces
in the space of three motion invariants (c ;, ¢ ,, € ;) are
defined by the equation

4(z?-c,p)(p-c,) -(p-c,)’p=0, )
which can be written in the standard form
p*- 2(c,—2c)p? +[c,*- 4c c, +z7)]p +4z7c,=0.
It should be noted that one of the roots of this

equation is always negative. Solving this equation to-
gether with the equation

3p?-4(c,—2c)p+c*-4(cc,+z9)=0 (30)
we find that
C,-2C ,=p-2z/C,p-?, (3D

%~ 2c,C,= PP—2C,p+ 4z p*(p- C,)?, (€%

C,-C,= (p-C)pty4z5 + p? (3

These equations yield the expression

c, = Z2C,p2+0.5(p-C)p(4/42z5 + p> -p). (3

For the motion invariants ¢, ¢, and ¢, we have the
relations

p-c,=(c,-c) ——4z§p+ = (%)

2 2
2(clp—2§)=[1+—220 P ](cs—cl), (3)
p

VAZe + p?

fromwhich it followsthat theisolines of theseinvariants
are straight lines. Using these formulas, one can easily
calculateisolinesc,. Inthespace(c,, c,, ¢,), isolinespare
also straight lines (on thelimit surface).
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