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Study of the Influence of Clearances on the Dynamical Load
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ABSTRACT. A generalized method of calculation of dynamic characteristics in transmissions of machine
aggregates at different stages of machine starting on power transmissions of the main electrical drive with account
of the co-existence of clearances is prepared. Analytical dependence between the sizes of gaps and additional forces
(of shock character) caused by their influence is determined. © 2070 Bull. Georg. Natl. Acad. Sci.
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The formation of clearances in main driving lines of mechanical systems is due to presence of spindles, gear and
helical joints in transmissions of machine aggregates. Magnitudes of clearances are in direct proportional dependence
to the life-time of these machines: clearances cause generation of percussive forces; which in their turn are sources of
dynamical loads and they lead to accelerated fatigue of main units of machine aggregates (spindle, gear, cages,
reducing gears and other details). Additional dynamical loads caused by clearances may exceed several times the
static forces generated by the basic technologic regimes. Influence of clearances is especially significant for aggregates
operating in reverse regimes, namely for rolling mills and especially for sheet rolling machines of high efficiency,
where seizure of metal by rollers is realized at high speeds and always is characterized by significant percussive
phenomena.

It is evident that new rolling machines must be designed considering additional impact forces caused by clearances.
Unfortunately, reference material is not available in technical literature till today, which would enable us to establish
analytical relationship between magnitudes of clearances and additional impact forces caused by them.

The present research aims to eradicate this shortcoming to a certain extent. Consider dynamical loads in
transmissions with clearances at starting of a machine, for the case when reduced calculating scheme of a machine
aggregate is a three-mass mechanical system (Fig. 1).

The following designations are adopted in the drawing: I, — moment of

inertia of the electric motor rotor; /, —moment of inertia of intermediate masses /’ ! 2 4\ u 4\

(gear cage, reducing gear, flywheels, etc.) reduced to the electro motor shaft;

. . . A C, G, A,
15— mass moment of inertia of the machine aggregate rollers, reduced to the 1
electro motor shaft; A;,A,—reduced radial clearances in corresponding sections.
We assume that mass /; is acted on by driving moment M, = const and other I I
I, 2 3

masses — by corresponding moments of resistance M, and M,.

; Fig. 1.
At the first stage, when the electromotor rotor starts motion, other masses '8
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of the system under consideration are immobile. In this case the differential equation of movement has the simplest
form:

152, 1

At constant driving moment of the electromotor and zero initial conditions, expressions for the rotor angular

velocity @, and angular displacement ¢, are found from equation (1):

o =&pt, @ =gpt*/2, @

where ¢, = [—‘ is the rotor angular acceleration at constant acceleration of the system. At passing the clearance of
1

magnitude A, in the time interval 7, the electromotor is accelerated up to certain magnitude @,;,;, -

If we assume that ¢ =7, and ¢, = A, for equation (2), then we obtain an expression defining ,,,,;, :

2M A
Ojnir = % =42604; . ©)
V 1

The process of passing the clearance is determined by elastic percussion at the end of the first stage, since mass
1, was immobile.

At the second stage, which begins after closing of the clearance in the first elastic section, differential equations
of movement of the system will have the form (At this stage, mass /, and elastic section connected to it, begin
movement):

d*o
I dt2] +Cp (@1 —92) =M,

d’ (O]
[2_¢22_C12(§01 —Q,)=M,
dt
with the following initial conditions:
do de,
h=0; @ =p,=0; ——= ——=0 )

=;
dt] linit dt]

After solution of differential equations (4), initial conditions (5) we determine the magnitude of ¢,,®,,®,,

M, =Cp(p—9,) .

M 1o . . Lo .
¢ =—%(1—-cos pt;) + —2—sin pr; + 2L, +el)
Iip (L, +1)p I +1,
M lLo,. . Lo, 1
@, =——(1-cos pt;) ——it_gin pyy + iy 4 (DT
Lp I, +1,) I +1, 2
. Lo : Lo .
o = —sin pt; + 2L co5 pp, 4 AN oDy , 6)
1P 1H4; 1+,

M Lo,
_ a o 1% init
@y, =——SsIn pt{ —————

Lo,
cos pt; +—mit 4 Dy
0,p I p) I p)

ar

@1,::Cra .
M, =M ,(1-cos pt)) +—212 gin pr,
p
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where M = RMiTLMy o) Mi=My
a I +1, 5 Cav I+1,

_— CoU, +1
partial frequency of proper oscillations, p = f—”([ ]I 2) )
112

The above given expressions (6) enable us to determine the basic characteristics of the drive dynamical system
after closing of the first clearance, when masses of the mechanical system perform complex rotary and vibratory
movements. This latter is caused by the elasticity of the unit connecting masses /, and 7,.

The last expression in formulae (6) determines moment f elastic forces in the period of closing of the first
clearance. The first term of this expression determines the moment of elastic forces caused by external forces acting
on the system, and the second term — additional dynamical loads (of percussive character) generated by presence of
the clearance. The second component of the moment of elastic forces can be analytically determined as follows:

is average acceleration after the closing of the first clearance; p is

I
My, = [2M,1,Cyy| —2— |sin pt; . @)
I, +1,

Determine the dynamic coefficient of the two-mass mechanical system considering the influence of the clearance.
Its value is calculated by the ratio of maximum moment of elastic forces to moment M, (moment M _ is a static load in
the elastic unit in the case of lack of clearance):

- oM
Ky=1+ [14 @iy gy, 220020 5 ®)
M,p M*=q

Reduction of dynamical loads caused by percussions can be practically reached by qualitative fabrication and
mounting of details of connecting units. Minimization of percussive loads caused by the influence of clearances can
be realized also with the help of regulation of the electromotor starting and braking according to a certain optimal law.

Formula (8) determines maximum value of the dynamic coefficient of two-mass mechanical systems. After closing
of the first clearance the second mass of the mechanical system performs complex movement (rotary and vibratory).

[2
I+1,

where n, =

After a certain interval of time Ty, , the second mass will pass clearance A, and close the driving system on the third
mass. Time T, of passing of the clearance is calculated by solution of the transcendental equation and substitution

of magnitudes @,=A, and #, = T, in expression (6), taking into account the uniformly accelerated and vibratory

movement of mass [22

2

M [0 - . o - 2) T02

Ay = —(1—cos pTyy ) ——Mi_gin pT,, + 1Mt 4 D02 )
1,p* (I, +1,)p I +1, “ 2

Namely, parameters defining inertness and stiffness of rolling mills are chosen in the way that in such system

1
p2 100@. This enables us to neglect the influence of the first and second terms in equation (9). Then T, is

calculated by solving the following quadratic equation:

21,@,,
N uinit 7oA, =0, 10
L+, 22 (10)

(2) 2
Ear T02 +

which has one root:
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TO2_

1
e t——
L+, U, +1,)> ¢ (1)

2 2
_ 110y +J11 @ linit_ 5 p o) 5
gar '

Approximate formulae (10) and (11) for calculation of 7j;, can be used for solution of the exact transcendental
equation (9), from which we find the true magnitude of 7}, .

At the third stage, after closing the clearance A, , the differential equations of the system movement will have the

form:

d*e

[1_2]+C12(€01 —py)=M,
dt,

2

d o,
-C -p,)+C —-p;)=—M
a7 12(01 = 9,) +Co3(9; —93) 2( (12)

I

d*p
I 723—C23(€02 —3)=—-M;

We present equations (12) in another form:

Il(ﬂbl +1,0y) + 1303 =M, - M, - M;;
. Cp\+1, Cy M, M,
-, + -0, )—=(p, — =—f+—=;
(Bl ) I, (@1 @2) I, (€92 €D3) 2 I ) (13)
. C23(12+I3) Ci, M, M,
) +—(€02—€93)—_(¢1 —€02)=——+—
51 I, I, I
We use the rule of transformation of coordinates:
- I,+1 1
o =&+ : 3‘912+[3‘923
0 0
1 1
¢ = __]912 +_3923
I, I, s (14)
= I, L+,
=& ——- 7]
?3 Iy Iy 23
E=0)

where [, =1, +1, +1;.
After such transformation equation (14) assumes the form
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et
s Cp(+1 C I, +1
b, + 12 (y 2)9]2_ 8o -y, Lt
I, I, Ll | (15)
o Cyu(l, +1 C I +1
923 + 23( 2 3)923 _ig]z =Mb 1 2
L1, I, L1,
M, -M,-M, . . .
where &) = % is average acceleration of the system after closing of clearance A,;
0
_ Ml M, 1,
’ L

Initial conditions of differential equations (15) will be determined considering the fact that at initial moment of
closing of the second clearance connecting section (unit) of the first and second masses is deformed:

Dl

M .
012(0) = 01, (Tpp) = Ca (1-cos pTyp) + sin pTyy (16)

12
and the connecting unit of the second and third masses is not deformed:
0,3(0)=03(Ty, )= 0. (17)

Angular velocities and displacements of masses /, and 7, at initial moment of closing of the second clearance are
determined by the following formulae:

M. . I 1 2
@, (To,) = —%sin pTy, +—2—qo,; . c08 pTyy +——a. - +&. AT
 (Th2) Ip Ploy A linit Plyp I +1, linit T€av 102

M . I 1 2
@, (Tyy) =——"=sin pTy, _—]wlim’t cos pTi, +—]wlim’t +gav( >T02

1 I +1 I +1
;{P 1742 , 1742 , . (18)
Tyy) = —— (1= cos pTiy )+ ——2—ay;,; sin pTy, +——ay;, Tpp +6,, 0 ~2
¢ (To) I]pz( rTy) (I +1,)p Ninig ST P4 L+1, linit 202 T Eav T
M 1 1 T,
Tyy)=——2(1—cos pTyy) - ——2—a,, .. sin pTy +——— @y Top +6,, 2 ~2 = A
?(Top) [2172( rTy) (I +1,)p Ninig ST P4 L+1, linit 202 T Eav T, 2
Then on the basis of formula (18) we have:
. . M, (I,+1,) .
012(0) = 6,5 (Tip) = 0 (Toy) — 0, (T ) = #sm PToy + @y €08 pTiy (19
12
033 (0) =0,3 (Toz) =, (Toz)- (20)
can be determined through ¢,,¢, and ¢; from expressions (14)
= 1
¢ =[_([1€91 + 1,0, + 1;03) . 2D

0

Considering that
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U=¢, (22)

we can write
. 1
U(Typ)=ETy) = [_[Ilw]init + ([1 +1 )3;3>T02 ] (23)
0

Thus, at the moment of closing of the second clearance #,=0, initial conditions (17,18,20,21,23) are observed by
the system of differential equations.
By integration of the first equation of the system (15) we have

U(ty) =€, t, +U(Tyy)- 24)

Omitting intermediate transformations and considering the initial conditions (17,18,20,21) we write the solution of
the second and third differential equations of system (15):

I, +1
2 3 mlz}cospltz -

1
M, (t) = Cyb15 (1) = 2—]?2{6'12912(7"02)(1?22 — )+ M, - py’
- D

b 0

I, +1 1 .
—{Cng]z(Toz)(Plz _P122)+P122Ma _P12 21 : mlz}cosp2t2+?[C12912(T02)(p22 _P122)+ 25)
0 |

C] 2C23

2

I, +1;

+ mpy,

CuCys 5
I

2

. 1 : : .
23 (Toz)}sm Pty __|:C]29]2(7})2)(p]2 _P122)+ 053 (Toz)}}sm Pty +

b 0

1 I +1
My;3(t;) = Cy3605(15) =ﬁ{C12912(T02)+ P’ 2 m23}05 Db~

b1 — P 0

c,,C I+ 1 1 .
—{ L2 912(762)+P232Mb—P12 ] 2mzz}COSszz+_C23923(T02)(PzZ—P232)+
I, Iy b (26)
C,Chy - . 1 . C,Chy - . I +1
+—2220,, (T )sin pyty —— (P]z_P232)923(T02)+ 22220, (Tyy) | sin pyty +———Smy,
I, b> I, Iy
where
2 1 2 2 1 2 20 CpChly
=— + g + —_——=
P2 2(1912 P2’) 4(p]2 P2’) L1
Cp(+1,) Cy(,+15)
2 _LpUy+ip), 2 _ LUy ti3),
P2 —I] I > Px —12 I > . 27
I, +1 I 1 I, +1
my,=""2M +LM,;  my=M,+2—2M,
I, I, I, I,

Constant components of expressions (25) and (26) are elastic moments of units caused by influence of static
forces. Their values can be determined on the basis of solution of the system of algebraic equations, which in its turn

is obtained from expressions (16) by supposing 6,, =0 and 6,,=0.
Then
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C
2 2.
M, pis —%Mn =M ,pi;

o ) (28)

2 2
_M12A+M23p23 =Mbp23'

I,

where M, =C,0,,, M,;=Cp0y;

Maximum dynamic coefficient in elastic units after closing of the second clearance A, is determined as follows

() =) o) () —meMnle) ) e

my, I, +1; My I, +1,

Maximum values of M, (¥) and M »; (¢) can be determined by plotting graphs of variation of these moments with

time on the basis of application of formulae (25) and (26).
It is necessary to know the character of variation of angular velocities of masses in the course of study of the
mechanical system, then we have to apply expressions of transformation of coordinates (14), (25) and (26). These

expressions should be divided at first by C;, and C,;, and then differentiated with respect to time. Then we will have

do . p I
a)](tz):—:gf,f)tz+U(T02)—%{ 912(%2){([2+[3)(P§—P122)+_3C12}+
dt, Io(p2 = pr) I
L+1)( 1, I,+1 L +1 .
+m12( 2 3)(_0_ 2713 ]ZJ_ 34 2)p§m23 }smp]t+
Iy I, Cp 1yCys
» I m (L + 1) (1, I, +1
+%{ 912(T02){([2+[3)(P12_P122)+—3C12}+ 2rz 3202 31712 -
Iy(py —pi) I, Iy I Ci
L, +1 . : I (30)
_3(]—2)17;’”12 }Smpzt"'ﬁ{ 9]2(T02)|:(12+[3)(p22—p]22)+—3C]2:|+
IyCy3 Iy(py —pi) 1,
. Cyu(;2+15)
+0,3(Tp, ){%+[3 (P — P33 )}}COS pit—
2

1 . 1 . Cy(l,+1
————9 6Ty) ([2 +[3)(P22 —17122)+—3 Cp +923(T02 Sl tly +[3(P§ —Pgs)
1 1
Ly(ps—pi) 2 2

Similarly @, (,), @5(¢,) canbe determined.

We determine the moments of elastic forces M, (f) and M ,; (f) for the case when there is no clearance in the

second elastic unit. In this case differential equations (13), after closing of clearance A, in the first unit, must satisfy
the following initial conditions:

ot)=0(0)=03( )} @1 ()= s @2(6)=05(,)=0. @31

After solution of differential equations (13) with such initial conditions we find:

1 I +1 2 I+
M]2(tl)=ﬁ{(Map h=P3 ][ 3 mlchos Pt _(Mapn_p] 2[ 3 mlchos paht

Pa2=Pi 0 0 , (32)
C 1, oy, . Clr @i . I, +1
+—]2p — (P - p 122)5“1 Pt _—]2p — (P i-rh )sm D2 f]}Jf .
I 2 0
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1 I +1 2 S+ 1
M (tl)zﬁ{(Mbpgfs_p% ]I 2 m23JCOS P _(Mbp23_p]%m 23}305 P+
Py P 0 0 (33)
+ Ciy Co3 Oy sin py 4, — Ciz Cp3 Dy sin p, f]}+ L+1, m .
0, py 0,p, Iy

Comparison of expressions (25), (26) and (32), (33) shows that these latter can be obtained from formulae (25) and
(26), assuming that 0,,(Ty,) = 0,0, (Ty, ) = winit,0,; which corresponds to meeting the initial conditions (31) at

moment .
Consider calculation of dynamical loads with the example of the primary mill of the Krivoi-Rog Metallurgical Plant,

2

which is characterized by the following parameters: /; =9.8ton - m-sec” — moment of inertia of the electromotor rotor;

I, =0.56ton .m-sec> — moment of inertia of rollers of the gear cage; I, = 0.50ton-m-sec’> — moment of inertia of
rollers reduced on the electromotor shaft; C,, = 2-10*ton-m —stiffness of the electromotor shaft; C,; =1.1-10%ton-m

— reduced rigidity of spindles; A; = 0.01 rad — value of clearance in the first section.

Exploitation of rolling mills shows that clearances in spindle joints increase gradually as the result of wear of the
washers surfaces. In this connection it is interesting to know how dynamical loads vary depending on the increase of
clearances in main drive of the rolling mill. For this purpose we assume that the first clearance is constant (A =const)
and the second clearance varies in the range A,= (0.02 — 005) rad; the starting moment of the electromotor M ,=40ton'm,
and moments of technological load (rolling moment), applied to the second and third masses, respectively are
M,=2ton'm; M= 4ton'm.

1. Determine the angular acceleration and velocity of the first mass (rotor) after closing of the first clearance

M
g0 = [—‘ ~ 4.08%602@“”” = 2507, = 0.286%602 Ty = [2A, /€4 = 0.07sec

1
2. Frequency of proper oscillations p of the two-mass system elastic moment M and average acceleration after
closing of the first clearance

L+1 ML + M, 1 M -M
p= 20 TD) Lozt gy MR EML Ly o5y g, @ 2 MM 561/
L1, sec I +1, I +1, sec

3. Determine the time T, necessary for closing of the second clearance with the use of equation (9)

0.02
. .8-0.2 . .8-0.2
—&(1—(:% 1943 TOZ)—Msm 1943 Ty, +MT02 +1.835T5 =10.03 Y
0.56-194.3> 10.36-194.3 10.36 (G4
0.05
At first we determine approximate values of 7j,, with the use of formula (11):
Tos|azo02 =0.054;  Typ|ac3 =0.073;  Tin| g s = 0.105. 35)

We find more exact values with the use of more precise transcendental equation (9):

Toa|ac002 =0.0526;  Too| g3 =0.0724; Ty a—g0s =0.1065.

Determine the values of 8,, (7, ),6,; (Ty, ),é(T 02)> 923 (Ty,) with the use of expressions (16,17,19,20) and then

using formulae (25), (26) we obtain the following expressions for calculation of moments of elastic forces M ,(f) and
M. .(¢):
23
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M5” (t,)=10.96-18.52cos 114.6, +23.17sin 114.61, —6.79cos 257.4t, —27.96sin 257.4t,;
M5 (£,)=10.96+6.93cos 114.6t, +35.13sin 114.6t, +15cos 257.4t, —9.65sin 257.4t,; (36)
M5 (t,)=10.96+7.5cos 114.6t, +54.24sin 114.6t, +15.46c0s 257.4t, —16.28sin 257.4t,.

M3 (1y) =3.85-8.42c0s 114.61, +15.64sin114.6t, +4.57 cos 257 .4t +22.21sin 257.6t, ;
M8 (ty) =3.85+9.1cos114.61, +26.43sin114.6¢, —12.95c0s 257.4t, +8.83sin 257.4t,;

G7)
M (ty) =3.85+9.47 cos114.61, +37.05sin114.6t, —13.32c0s 257.4t, +10.67sint,.
Determine the values of M ,(7) and M,,(7) for the case when there is a clearance in elastic unit C,,, and a
clearance is lacking in unit C,,, i.e. A,= 0. Then, using expressions (32) and (33) we have
M, (t;)=10.96—-10.78 cos114.6¢, +26.78sin114.6¢, — 0.17 cos 257.4¢, +10sin 257 .4¢,, (38)
My (t;) =3.85-3.1cos114.6t, +18.46sin114.6¢,-0.75cos 257.4¢, —8.22sin 257.4¢, . (39)

We accomplish numerical calculation of expressions (37) and (38) in the time intervals 0.0526sec <¢, < 0.25sec;

0.0724sec <t, <0.25sec; 0.1065sec < ¢, < 0.25sec and calculation of expressions (38) and (39) in the range of time

0<t £0.25sec. As a result of these calculations we determine the maximum magnitudes of M ]Azz M 2A32 My, Moy

A, A,

. 12 .. . . . .

Then magnitudes of ( J and ( 2 J , determining the rate of increase of elastic moments in comparison
max max

12 23

with the values of static moments caused by the clearance in the second unit C,, are calculated. The results of
calculations are given in the Table:

AZ (MIZAZ /M12)max (MZSAZ /M23)max
0.02 1.39 1.43
0.03 1.32 1.55
0.05 1.76 1.92

Analysis of the Table shows that the existence of the clearance in the second elastic unit (C,;) (spindle joint)
causes significant increase of maximums of moments of elastic forces M,,(¢) and M,,(?). Thereat, the rate of increase
of the dynamic coefficient in the second elastic unit is greater than in the first (C|,) unit.

The dynamic coefficient in elastic unit C,; increases with the increase of the clearance A, and this coefficient
decreases partially in unit C,,. This points to the fact that the maximum values of moments of elastic forces depend
not only on the values of clearances but also on the initial conditions at the moment of closing of the clearance;
namely, on the velocity of the mass moving in the zone of clearance. It is natural that the higher is the velocity at
percussion of masses at the moment of closing of the clearance, the greater will be the magnitudes of percussive
forces and maximum values of moments of elastic forces generated by them.

Maximum values of dynamic coefficients given in the Table are in full correspondence with the data obtained as
the result of experimental research into dynamic loads of transmissions of various primary mills [1-2].

It is expedient to use the results and conclusions obtained in the present paper both in designing new rolling
facilities and in the realization of optimal regulation of rolling processes by the operator in transitional (at seizure of
metal by rollers and at braking of rollers) regimes.
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