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ABSTRACT. In the present paper thermoelastic solid is considered within the framework of Lord-
Shulman nonclassical theory of thermoelasticity. Applying variational approach initialboundary value
problem corresponding to the three-dimensional model is investigated in suitable spaces of vector-valued
distributions with values in Sobolev spaces. An algorithm of approximation by two-dimensional problems
of the three-dimensional dynamical model for plate with variable thickness is constructed, when densities
of surface force and normal component of heat flux are given on the upper and the lower face surfaces of
the plate. The obtained two-dimensional initial-boundary value problems are investigated in suitable
function spaces. Moreover, convergence of the sequence of vector-functions of three space variables
restored from the solutions of the constructed two-dimensional problems to the solution of the original
three-dimensional initial-boundary value problem is proved and under additional conditions the rate of
convergence is estimated. © 2014 Bull. Georg. Natl. Acad. Sci.

Key words: dimensional reduction algorithms, error estimates, nonclassical models of thermoelastic sol-
ids, plates with variable thickness.

Various mathematical models for thermoelastic solids were developed to eliminate shortcomings of the
classical thermoelasticity, particularly, infinite velocity of thermoelastic disturbances. One of such type mod-
els was obtained by H. Lord and Y. Shulman [1], where instead of the classical Fourier law of heat conduction
Maxwell-Cataneo law is used, which is a generalization of the classical law and depends on one relaxation
time. For Lord-Shulman nonclassical model the problem of propagation of a thermoelastic wave was studied
and domain of influence result was obtained [2] in the classical spaces of twice continuously differentiable
functions. Applying method of potential and theory of integral equations the problems of stable and pseudo
oscillations for Lord-Shulman nonclassical model were studied in [3]. Note that solution of the three-dimen-
sional initial-boundary value problems is a rather difficult task and it is important to construct algorithms of
approximation of them by two-dimensional or one-dimensional problems. One of the dimensional reduction
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methods for plates with variable thickness in the classical theory of elasticity was suggested by I. Vekua in
[4], where a hierarchy of initial-boundary value problems defined on two-dimensional space domain in dif-
ferential form was obtained. Mathematical results on the relationship between the two-dimensional hierarchi-
cal models constructed in [4] and three-dimensional one in static case first were obtained in the spaces of
classical regular functions in the paper [5], and the reduced two-dimensional models for thin shallow shells
were investigated in Sobolev spaces in [6]. Later on, various hierarchical models were constructed and
investigated applying Vekua’s reduction method and its generalizations (see [7-11] and references given
therein).

In this paper we study Lord-Shulman nonclassical three-dimensional dynamical model for thermoelastic
solid and in the case of plate with variable thickness we construct and investigate an algorithm of approxima-
tion by two-dimensional problems. We consider initial-boundary value problem corresponding to Lord-
Shulman three-dimensional model and applying variational approach we obtain the existence and unique-
ness result in suitable spaces of vector-valued distributions with values in Sobolev spaces. We construct a
hierarchy of two-dimensional problems approximating the original three-dimensional one for plate with vari-
able thickness, when densities of surface force and normal component of heat flux are given on the upper and
the lower face surfaces of the plate. We investigate the constructed two-dimensional initial-boundary value
problems in suitable function spaces. Moreover, we prove that the sequence of vector-functions of three
space variables restored from the solutions of the constructed two-dimensional problems converges to the
solution of the original three-dimensional problem and under additional regularity conditions we estimate the
rate of convergence.

We denote by ,2 ( ) ( ),r rW D H D 1r  , rR , the Sobolev space of order r based on the space  2L D

of square-integrable functions in pD  R , pN ,  in  Lebesgue sense,
3( ) [ ( )] ,r rD H DH 2 2 3( ) [ ( )]D L DL  and 3ˆ ˆ( ) [ ( )]s sL  L , 1s  , sR , where ̂  is a Lipschitz surface.

For any Banach space X, 0 ([0, ]; )C T X  denotes the space of continuous functions on [0, ]T  with values in

X, 2 (0, ; )L T X  is the space of such functions : (0, )g T X  that 2( ) (0, )Xg t L T . We denote by

/g dg dt   the generalized derivative of 2 (0, ; )g L T X .

Let us consider a thermoelastic body with initial configuration 3  R , which consists of homogeneous

isotropic thermoelastic material and the body is clamped along a part 0  of the boundary     and on the

remaining part 1 0\     surface force with density 3
1( ):ig  g R  is given, the temperature   van-

ishes along 0
    and on the remaining part 1 0\      the normal component of heat flux with density

1:g   R  is given. The nonclassical dynamical three-dimensional model of the thermoelastic body 

obtained by H. Lord and Y. Shulman in differential form is given by the following initial-boundary value
problem
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where ij  is the Kronecker’s delta, ),0(:)( Tui u 3 R  is the displacement vector-function of

thermoelastic body, : (0, )T   R  is the temperature distribution,  ,  are Lamé constants,   is a

mass density, 0   is the thermal conductivity coefficient, 0   is the specific heat at zero strain,   is the

stress-temperature coefficient, 0 0   is a constant reference temperature and 0  is the relaxation time,

( ):if f 3 R  is the density of applied body force and : (0, )f T   R  is the density of heat

sources, 0 0( )iuu  and 1 1( )iuu  are initial displacement and velocity vector-functions, 0  and 1  are

initial distributions of temperature and the rate of change of temperature. Note that, in the case of 0 0   the

nonclassical three-dimensional model (1)-(5) coincides with the classical linear three-dimensional model for
thermoelastic bodies.

To investigate the existence and uniqueness of weak solution of the three-dimensional initial-boundary
value problem (1)-(5) we consider the following variational formulation: Find the unknown vector-function

0 ([0, ]; ( ))C T u V , 0 ([0, ]; ( ))C T u V , (0, ; ( ))L T u V , 2(0, ; ( ))L T u L , and function

0 ([0, ]; ( ))C T V   , (0, ; ( ))L T V   , 2(0, ; ( ))L T L   , which satisfies the following equations

in the sense of distributions on (0, )T ,
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together with the initial conditions

0(0) ,u u  1(0) , u u  0(0) ,     1(0) ,    (8)

where 1
0( ) { ( ); ( )    on  }     V v H tr v 0 ,  1

0( ) { ( ); ( ) 0   on }V H tr        ,

1( ):  tr H 1/ 2 ( )H  and 1 1/ 2: ( ) ( )tr H H    are the trace operators,
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2 ( )(.,.) L , 2 ( )(.,.)L  , 2
1( )(.,.) L  and 2

1( )(.,.)L   are scalar products in the spaces 2 ( )L , 2( )L  , 2
1( )L  and

2
1( )L  , respectively..

For initial-boundary value problem (6)-(8) corresponding to Lord-Shulman nonclassical dynamical three-
dimensional model for thermoelastic body the following theorem is valid.

Theorem 1. Suppose that, 3
0 ( ) ( )   u H V , 2

1 ( )  u H V , 2
0 ( ) ( )H V     , 1 ( )V   ,

0 1([0, ]; ( ))C T f H , 2 2, (0, ; ( ))L T  f f L , 2 4/3
1, , , (0, ; ( ))L T   g g g g L , 2 2, (0, ; ( ))f f L T L     ,

2 4 /3
1, , (0, ; ( ))g g g L T L       , and the following compatibility conditions are valid
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If 0  , 0 0  , 0  , 3 2 0   , 0  , 0   and 0 0  , then the initial-boundary value problem
(6)-(8) possesses a unique solution and the following energy identity is valid
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Let us consider particular case of thermoelastic body, when   is a plate with variable thickness, which
may vanish on a part of its boundary, i.e. body that occupies three-dimensional Lipschitz domain of the
following form

3
1 2 3 1 2 3 1 2 1 2{( , , ) ; ( , ) ( , ), ( , ) },x x x h x x x h x x x x       R

where 2  R  is a two-dimensional bounded Lipschitz domain with boundary  ,
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0 2,1( ) ( )loch C C        are Lipschitz continuous in the interior of the domain   and on     to-

gether with the first and second order derivatives,  1 2 1 2( , ) ( , ),h x x h x x  for 1 2( , )x x     ,     is a

Lipschitz curve, 1 2 1 2( , ) ( , ),h x x h x x   for 1 2( , ) \x x    . The upper and the lower faces of   defined

by the equations 3 1 2( , )x h x x  and 3 1 2( , )x h x x , 1 2( , )x x  , we denote by    and  , respectively,,

and the lateral face, where thickness of   is positive, we denote by
3

1 2 3 1 2 3 1 2\ ( ) {( , , ) ; ( , ) ( , ),x x x h x x x h x x           R  1 2( , ) }x x   . We assume that plate is

clamped and the temperature   vanishes on a part
3

0 1 2 3 1 2 3 1 2{( , , ) ; ( , ) ( , ),x x x h x x x h x x     R
1 2 0( , ) }x x    of the lateral face  , 0    is a Lipschitz

curve, and on the remaining part 1 0\     of the boundary the densities of surface force and normal

component of heat flux are given, i.e. 0 0 0
      and 1 1 0\      .

In order to construct an algorithm of approximation of Lord-Shulman nonclassical three-dimensional
model for thermoelastic plates by a sequence of two-dimensional problems let us consider the subspaces

3 ( )NV , 2 ( )NV , ( )NV  and ( )NH  of 3( ) ( )  H V , 2 ( ) ( )  H V , ( )V  and 2 ( )L , respec-

tively, 1 2 3( , , )N N NN , consisting of vector-functions whose components are polynomials with respect to

the variable of plate thickness 3x ,

( )ivN Nv ,  
0

1 1 ( )
2

i i

i

i

N r
ii i r

r
v r v P z

h

   
 

 NN ,  2 ( )
ir

iv L N ,  0 i ir N  ,  1, 2,3i  ,

where 3x h
z

h


 , 
2

h hh
 

 , 
2

h hh
 

 . In addition, we consider the subspaces ,2 ( )NV


  , ( )NV


 

and ( )NH


   of 2( ) ( )H V   , ( )V   and 2( )L  , respectively, which consist of the following func-

tions

0

1 1 ( )
2

N r

N rN
r

r P z
h



 
 



   
 

 , 2 ( )
r

N L


  , 0 r N  .

Since the functions h  and h  are Lipschitz continuous together with their first and second order

derivatives in the interior of the domain  , from Rademacher’s theorem [12] it follows that h , h
  and

h 
   are differentiable almost everywhere in * and *, , ( )h h h L                 for all

subdomains * , *  , , , 1, 2    . Therefore, the positiveness of h in   implies that for any vector-

function 3 3
1( ) ( )i iv   N N Nv V  the corresponding functions 3 *( )

ir
iv H N , for all * , *  , i.e.

3 ( )
ir

i locv H N , 0 , 1,2,3i ir N i   . Similarly, if 3 2
1( ) ( )i iv   N N Nv V  or 3

1( ) ( )i iv   N N Nv V , then

the corresponding functions 2 *( )
ir

iv H N  or 1 *( )
ir

iv H N  for all * , *  , i.e. 2 ( )
ir

i locv H N  or

1 ( )
ir

i locv H N , 0 i ir N  , 1, 2,3i  . For functions from the spaces ,2 ( )NV


   and ( )NV


   we also have
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2 ( )
r

locN H


  , if ,2 ( )N NV
 

    and 1 ( )
r

locN H


  , if ( )N NV
 

   , 0 r N  . Moreover, the norms

3 ( ). H , 2 ( ). H , 1( ). H  and 2 ( ). H  , 1( ). H   in the spaces 3( )H , 2 ( )H , 1( )H  and 2 ( )H  , 1( )H 

define weighted norms ***. , **. , *.  and **.  , *.   of vector-functions 1,2,33[ ( )]N
locv H N


,

1,2,32[ ( )]N
locv H N


, 1,2,31[ ( )]N

locv H N


, 1,2,3 1 2 3 3N N N N    , with components 
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ivN , ( )
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iv v NN
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12[ ( )]N
N locH 


  


,  11[ ( )]N
N locH 


  


,  with components 
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 and 2** ( )N N H 
 





,

1* ( )N N H 
 





. Using the properties of the Legendre polynomials, we can obtain explicit expressions

for the norms ***. , **. , *. , **.   and *.  . Particularly, the norm *.  is given by
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where we assume that the sum with the lower limit greater than the upper one equals to zero.

For components 
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ivN  and 
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  of vector-functions 1,2,31[ ( )]N

locv H N


 and 11[ ( )]N
locN H 
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satisfy the conditions 
*

v  N


 and *N 
  


 we can define the traces on  . Indeed, the corresponding

vector-function 3
1( )i iv N Nv  and function N

  of three space variables belong to the spaces

1( ) ( )  NV H  and 1( ) ( )NV H


    , respectively. Consequently, applying the trace operator on the

space 1( )H   we define the traces on   for functions 
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ivN  and 
r

N
 ,

3( ) ( ) | ( ) ,
i

i

hr
i i r

h

tr v tr v P z dx




 N N  3( ) ( ) | ( ) ,

hr

N rN
h

tr tr P z dx
  




    0, ,i ir N  1,3i  , 0,r N .

Since the vector-functions ( )ivN Nv  from the subspaces ( )Nv  and ( )NH , and the functions N


from ( )NV


   and ( )NH


   are uniquely defined by functions 
ir

ivN  and 
r

N
 of two space variables, therefore

considering the original three-dimensional problem (6)-(8) on these subspaces, we obtain the following
hierarchy of two-dimensional initial-boundary value problems: Find

0 ([0, ];w C TN
 ( )),V N

 0 ([0, ];w C T N
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,  which satisfy the following

equations in the sense of distributions on (0, )T ,
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( , ) ( , ) ( , ) ( ),N N
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properties of Legendre polynomials, we obtain the following explicit expressions
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on the upper  and the lower   faces of the plate, respectively, , 3
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,2
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 , 1wN

 , 0N



, 1N



 of the two-dimen-

sional problem.
For the two-dimensional initial-boundary value problem (10)-(12) for thermoelastic plates constructed

within the framework of Lord-Shulman theory the following existence and uniqueness theorem is proved.
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Theorem 2. If two-dimensional domain   and functions h , h  are such that 3 R  is a Lipschitz

domain, 0  ,  0 0  ,  0  , 3 2 0   , 0  ,  0  , 0 0  ,  the functions ir

if ,  
ir

igN ,

ig
N ( 0,..., , 1, 2,3)i ir N i  , 

r
f  , 

r

Ng


 ( 0,..., )r N , Ng


   satisfy the following conditions

0 1 1/ 2 1/ 2 2 2( ) ([0, ]; ( )),  ( ) , ( ) (0, ; ( )),
i i ir r r

i i if f C T H h f h f L T L     N N
 

3/ 4 3/ 4 3/ 4 3/ 4 2 4/ 3   , ( ) , ( ) , ( ) (0, ; ( )),i i i ig g g g L T L       
     N N N N

1/ 4 1/ 4 1/ 4 1/ 4 2 4/ 3
1, ( ) , ( ) , ( ) (0, ; ( )), 0,..., , 1, 2,3,

i i i ir r r r

i i i i i ih g h g h g h g L T L r N i       N N N N

1/ 2 1/ 2 2 2, ( ) (0, ; ( ))
r r

h f h f L T L     , 3/ 4 3/ 4 3/ 4 2 4 /3, ( ) , ( ) (0, ; ( ))N N Ng g g L T L
  

       
    ,

1/ 4 1/ 4 1/ 4 2 4/ 3
1, ( ) , ( ) (0, ; ( ))

r r r

N N Nh g h g h g L T L
  

       , 0,..., ,r N

and 3
0 ( )w V N N


, 2

1 ( )w V N N


, ,2
0 ( )N NV

 

 
 

, 1 ( )N NV
 

 
 

, then the dynamical two-dimensional

problem (10)-(12) possesses a unique solution.
Thus, we have constructed a hierarchical algorithm of approximation of Lord-Shulman non-classical

three-dimensional model for thermoelastic plates with variable thickness by two-dimensional problems. In
the following theorem we present the results on the relationship between the obtained two-dimensional and
original three-dimensional initial-boundary value problems, but in order to formulate the corresponding
theorem let us define the following anisotropic weighted Sobolev spaces

0,0, 2
3( ) { ; ( ),0 }s k k

h
H v h v L k s        , ,sN

1,1, 1 1 2 1 2
3 3( ) { ; ( ), ( ),1 , 0,1, 1, 2,3, 1,2},s k k r k k

ih
H v h v L h h v L k s r i 

                 

1,1, 1 1 1 2 1 2 1 2
3 3 3

2 2
3

( ) { ; ( ), ( ), ( ),

1 , ( ),1 1, , 1, 2, , 0,1,1 , 3},

s k k r r k k r k k
i j ih

k k

H v h v L h h v L h h v L

k s h h h v L k s r r i j

  

   


      

  

                

             



 



 

3,3,4 3 2 1 2 2
3 33

1 2 2 1 2 1 2 2
3 3 3 3

ˆ ˆ1 1 2
3 3

ˆ ( ) { ( ); ( ), 1,..., 4, ( ), ( ),

( ), ( ), ( ),

p k r
i ih

r r r r r r

r r r r
i

H v H h v L p h v L h v L

h h h h v L h h v L h h v L

h h h v L

    

         

  


   

         

    

                    

                   

       2 2
3 ˆ( ), ( ), , , , , 1,2, 1, 2,3}h v L r r i             

which are Hilbert spaces with respect to the corresponding norms.

Theorem 3. If 0  , 0 0  , 0  , 3 2 0   , 0  , 0  , 0 0  , 3
0 ( ) ( )   u H V ,

2
1 ( )  u H V , 2

0 ( ) ( )H V     , 1 ( )V   , 0([0, ];C Tf  1( ))H , 2 2, (0, ; ( ))L T  f f L ,

2 4/3
1, , , (0, ; ( ))L T   g g g g L , 2 2, (0, ; ( ))f f L T L     , 2 4 / 3

1, , (0, ; ( ))g g g L T L       and the com-

patibility conditions (9) are valid, vector-functions of three space variables 3
0 ( ) N Nw V , 2

1 ( ) N Nw V ,
,2

0 ( )N NV
 

   , 1 ( )N NV
 

   , corresponding to the initial conditions 3
0 ( )w V N N

 , 2
1 ( )w V N N

 ,

,2
0 ( )N NV

 

 
 

, 1 ( )N NV
 

 
 

 of the two-dimensional problems (10)-(12), tend to 0u , 1u , 0  and 1  in
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the spaces 3( )H , 2 ( )H , 2 ( )H   and 1( )H  , respectively, as min 1 3
min{ , }ii

N N N 
  , then the

sequences of vector-functions ( ( ))tNw  and functions ( ( ))N t


  restored from the solutions wN
  and N




 of

the reduced two-dimensional problem (10)-(12), tend to the solutions ( )tu  and ( )t  of the original three-
dimensional problem (6)-(8),

1

1

2

1

( ) ( )                        in  ( ),

( ) ( )                       in  ( ),

( ) ( )                       in  ( ),

( ) ( )                        in  ( ),

( ) ( )      

N

N

t t  

t t

t t

t t H

t t




 

 

 

  

  

 

 

N

N

N

w u H

w u H

w u L min

2

              [0, ],      .

                 in  ( ),

for all t T as N

L

  



In addition, if 2/ (0, ;r rd dt L Tu 1,1, 3( ( )) )rs
h

H   , 0,1, 2r  , 2(0, ;L Tu 30,0, 3( ( )) )s
h

H   , 0 ,s 1 2 3, ,s s s N ,

2/ (0, ;r rd dt L T  1,1, ( ))rs
h

H


  , 0,1r  , 2 (0, ;L T  20,0, ( ))s
h

H


  , 0 1 2, ,s s s   N , 0 0 1 1 2, , , , 2s s s s s   ,

and 01,1, 1 3 3,3,4 3
0

ˆ( ( )) ( ( ))s
h h

H H 
   u  ,  11,1, 1 3

1 ( ( ))s
h

H 
 u  ,  01,1, 1

0 ( )s
h

H


 
  ,

11,1,
1 ( )s

h
H


   , 0 1 0 1, , ,s s s s  N    , 0 1 0 1, , , 2s s s s      , then for appropriate initial conditions 0wN

 , 1wN
 , 0N




,

1N



 the following estimate is valid

0 1 0 1 0 2

0 2 0 1

([0, ]; ( )) ([0, ]; ( )) ([0, ]; ( ))

0([0, ]; ( )) ([0, ]; ( ))
min

1 ( , , , , , ),
( )

C T C T C T

N N sC T L C T H
o T h N

N     

  


 

        

       

N N NH H Lu w u w u w

N

where 0 1 2 3 0 1 2 0 1 0 1min{ 1, 1, 1, , 1, 1, , 3 / 2, 3 / 2, 3 / 2, 1}s s s s s s s s s s s s                  and

0( , , , ,o T h   , ) 0N N  , as minN  .
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maTematika

cvalebadi sisqis Termodrekadi firfitebisaTvis
lord-Sulmanis modelis organzomilebiani
amocanebiT miaxloebis Sesaxeb

g. avaliSvili*, m. avaliSvili**

* i. javaxiSvilis sax. Tbilisis saxelmwifo universiteti, zust da sabunebismetyvelo mecnierebaTa
fakulteti, Tbilisi
** saqarTvelos universiteti, informatikis, inJineriisa da maTematikis skola, Tbilisi

(warmodgenilia akademiis wevris e. nadaraias mier)

warmodgenil naSromSi ganxilulia Termodrekadi sxeulebi lord-Sulmanis
Termodrekadobis araklasikuri Teoriis farglebSi. variaciuli midgomis gamoyenebiT
samganzomilebiani modelis Sesabamisi sawyis-sasazRvro amocana gamokvleulia saTanado
veqtoruli mniSvnelobebis mqone ganawilebebis sivrceebSi mniSvnelobebiT sobolevis
sivrceebSi. agebulia cvalebadi sisqis firfitis dinamikuri samganzomilebiani modelis
organzomilebiani amocanebiT aproqsimaciis algoriTmi, roca firfitis zeda da qveda
piriT zedapirebze mocemulia zedapiruli Zalis da siTbos nakadis normaluri mdgenelis
simkvriveebi. miRebuli organzomilebiani sawyis-sasazRvro amocanebi gamokvleulia
saTanado funqcionalur sivrceebSi. amave dros, damtkicebulia agebuli organzomilebiani
amocanebis amonaxsnebidan aRdgenili sami sivrciTi cvladis veqtor-funqciebis
mimdevrobis krebadoba sawyisi samganzomilebiani sawyis-sasazRvro amocanis amonaxsnisaken
da damatebiT pirobebSi miRebulia krebadobis rigis Sefaseba.
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